For a given connected graph G = (V , E), a set D tr ⊆ V (G) is a total restrained dominating set if it is dominating and both D tr and V (G) − D tr do not contain isolate vertices. The cardinality of the minimum total restrained dominating set in G is the total restrained domination number and is denoted by tr (G). In this paper we characterize the trees with equal total and total restrained dominating numbers and give a lower bound on the total restrained dominating number of a tree T in terms of its order and the number of leaves of T .
Introduction

Let G = (V , E) be a simple graph with |V (G)| = n(G) and |E(G)| = m(G). The neighbourhood N G (v) of a vertex v is the set of all vertices adjacent to v in G. The degree d G (v) of a vertex v is the number of edges incident to v in G, d G (v) = |N G (v)|. If d G (v)
0, then we call v an isolate vertex. Let (G) be the set of all leaves of G, that is the set of vertices degree 1, and let n 1 
(G) be the cardinality of (G). A vertex v is called a support vertex if v is a neighbour of a leaf. Denote by S(G) the set of all support vertices in G and let n S (G) be the cardinality of S(G).
A
set D ⊆ V (G) is a dominating set of G if for every vertex v ∈ V (G) − D, there exists a vertex u ∈ D such that v and u are adjacent. The minimum cardinality of a dominating set in G is the domination number denoted (G).
set D ⊆ V (G) is a total dominating set (TDS) of a graph G if each vertex of G has a neighbour in D. Equivalently, a set D ⊆ V (G) is a TDS of a graph G if D is a dominating set of G and D does not contain an isolate vertex. The cardinality of a minimum TDS in G is the total domination number and is denoted by t (G). A minimum TDS of a graph G is called a t (G)-set.
The total domination in graphs was introduced by Cockayne et al. [1] in 1980 and is now well studied in graph theory (see [3, 5, 9] ).
The total restrained domination number of a graph is a relatively new type of domination. In this case additional conditions on subgraphs induced by a dominating set and its complement are required. A set D tr ⊆ V (G) is a total restrained dominating set (TRDS) of a graph G if it is a dominating set and the induced subgraphs D tr and V (G)−D tr do not contain an isolated vertex. The cardinality of a minimum TRDS in G is the total restrained domination number and is denoted by tr (G). A minimum TRDS of a graph G is called a tr (G)-set. We assume that every graph without an isolated vertex has a TRDS and D tr = V (G) is such a set. Moreover, the above definitions imply that for any graph G without an isolated vertex every TRDS is a TDS, so t (G) tr (G). The total restrained domination number of a graph was defined by De-Xiang Ma et al. [7] in 2005.
For any graph theoretical parameters and , we define G to be ( , )-graph if (G) = (G). In this article we provide a constructive characterization of ( t , tr )-trees. We also prove that 3 tr (T ) n(T ) + 2 + 2n 1 (T ) for any tree T with n(T ) 3 and we characterize all trees T for which 3 tr (T ) = n(T ) + 2 + 2n 1 (T ). For any unexplained terms and symbols see [4] .
A characterization of ( t , tr )-trees
As a consequence of the definitions of total and total restrained domination number we have the following lemma presented in [2] . Lemma 1. Let D tr be a minimum TRDS of a graph G without isolates. Then
We make the following observation.
Observation 2. Let T be a ( t , tr )-tree. Then each tr (T )-set is a t (T )-set.
Before presenting a characterization of ( t , tr )-trees we need the following observation due to Shan et al. [9] .
Observation 3. Let T be a tree that is not a star. Then there exists a t (T )-set that contains no leaf.
Let T be the family of trees T that can be obtained from sequence T 1 , . . . , T j (j 1) of trees such that T 1 is the path P 2 and T = T j , and, if j > 1, then T i+1 can be obtained recursively from T i by one of the two operations T 1 and T 2 listed below.
• Operation T 1 . The tree T i+1 is obtained from T i by adding a path (x 1 , x 2 , x 3 , x 4 ) and the edge x 1 y where y ∈ V (T i ) belongs to some tr (T i )-set.
• Operation T 2 . The tree T i+1 is obtained from T i by adding a path (x 1 , x 2 , x 3 ) and the edge x 1 y where y ∈ V (T i ) belongs to none of tr (T i )-sets.
We show first that each tree T belonging to the family T is a ( t , tr )-tree ( Fig. 1 ). To this aim we prove the following lemma. 
Proof.
We proceed by induction on the number of operations s(T ) required to construct the tree T . If s(T ) = 0, then T = P 2 and obviously the result holds. Assume now that T is a tree with s(T ) = k for some positive integer k and for each tree T ∈ T with s(T ) < k the result is true. Then T can be obtained from a tree T belonging to T by operation T 1 or T 2 . We now consider two possibilities depending on whether T is obtained from T by operation T 1 or T 2 .
Case 1: T is obtained from T by operation T 1 . Then x 4 is a leaf in T and x 3 is a support vertex and thus x 3 and x 4 belong to every TRDS of T . By induction hypothesis there is exactly one minimum TRDS D tr in T and each component of D tr is a K 2 . Since y is in some tr (T )-set we conclude that there is exactly one minimum TRDS in T , which is D tr = D tr ∪ {x 3 , x 4 }, and each component of D tr is the K 2 . Moreover, the distance between any two non-adjacent vertices belonging to D tr is greater than or equal to 3 and, since x 3 is a support vertex, x 3 belongs to each TDS of T .
Case 2: T is obtained from T by operation T 2 . Then x 3 is a leaf in T and x 2 is a support vertex and thus x 2 and x 3 belong to every TRDS of T . Since y is in no tr (T )-set and there is exactly one minimum TRDS in T , denoted D tr , and each component of D tr is the K 2 , we conclude that there is exactly one minimum TRDS in T , which is D tr = D tr ∪ {x 2 , x 3 }, and each component of D tr is the K 2 . Moreover, the distance between any two non-adjacent vertices belonging to D tr is greater than or equal to 3 and, since x 2 is a support vertex, x 2 belongs to each TDS of T .
The above lemma implies what follows.
Corollary 5. If a tree T belongs to the family T, then each vertex of T has exactly one neighbour in the unique minimum TRDS of T .
Proof. Let D tr be the unique minimum TRDS of a tree T belonging to the family T. If u ∈ D tr then by Lemma 4(i) the result follows. Suppose u / ∈ D tr and x, y are two neighbours of u belonging to D tr . Since T is a tree, it follows readily that x and y are non-adjacent. Hence d T (x, y) = 2, which contradicts with Lemma 4(ii). 
Lemma 6. If a tree T belongs to the family T, then T is a ( t , tr )-tree.
Proof. Let T be a tree belonging to the family T. Obviously t (T ) tr (T ).
(T ) t (T ) + 2. In this way t (T ) tr (T ) tr (T ) − 2 = t (T ) − 2 t (T ).
(1) Moreover, any t (T )-set can be extended to a TDS of T by adding to it s 1 and s 2 , so t (T ) t (T ) + 2. In this way, the inequality chain (1) holds. Consequently, T is a ( t , tr )-tree and D tr is a tr (T )-set. Hence, by induction hypothesis, T ∈ T. By Lemma 4, D tr is the unique minimum TRDS of T . Since s 3 / ∈ D tr , we conclude that T can be obtained from T by operation T 2 .
Hence, we must have equalities throughout this inequality chain. In particular, t (T ) = tr (T ) implying that D tr is a tr (T )-set of T . Consequently, T is a ( t , tr )-tree and by induction hypothesis T ∈ T. As
The proof is completed.
As an immediate consequence of Lemmas 6 and 7 we get the following characterization of ( t , tr )-trees.
Theorem 8. A tree T is a ( t , tr )-tree if and only if T belongs to the family T.
Lower bound on the total restrained domination number of a tree
In this section we show that 3 tr (T ) n(T )+2+2n 1 (T ) for any tree T of order n(T ) 3 and we give a characterization of all trees T for which 3 tr (T ) = n(T ) + 2 + 2n 1 (T ). Lemańska [6] has given a lower bound on the domination number of a tree T in terms of n(T ) and n 1 (T ).
Theorem 9. For any tree T on n(T ) 3 vertices, tr (T ) (T ) + n 1 (T ).
Theorem 10. If T is a tree of order at least 3, then 3 (T ) n(T ) + 2 − n 1 (T ).
Theorems 9 and 10 imply the following result.
Corollary 11. If T is a tree of order at least 3, then 3 tr (T ) n(T ) + 2 + 2n 1 (T ).
We are now in position to provide a constructive characterization of the trees T for which 3 tr (T )=n(T )+2+2n 1 (T ). For this purpose, we introduce some additional notation. A strong support vertex is a support vertex which is adjacent to two or more leaves. If T 1 and T 2 are vertex disjoint trees and u and v are strong support vertices in T 1 and T 2 , respectively, then by T 1 ⊕ uv T 2 we denote a tree obtained from T 1 and T 2 by adding an edge incident with a leaf adjacent to u and incident with a leaf adjacent to v.
Let R denote the family of trees such that:
(i) Every star K 1,p , where p 2, belongs to R; (ii) T 1 ⊕ uv T 2 belongs to R if only T 1 and T 2 belong to R, where u and v are strong support vertices in T 1 and T 2 , respectively.
The following observation follows immediately from the way each tree in the family R is constructed.
Observation 12.
If T is a tree belonging to the family R, then either T is a star or there are stars
(T ) and S(T ) is the unique minimum dominating set of T .
Lemma 13. If T is a tree belonging to the family R, then (Fig. 2) 3 tr (T ) = n(T ) + 2 + 2n 1 (T ).
Proof. If T is a star K 1,p where p 2, then tr (T )=n(T )=1+p, n 1 (T )=p and certainly 3 tr (T )=n(T )+2+2n 1 (T ).
Otherwise, if T is a tree obtained from j stars K 1 , . . . , K j (j 2), then it is easily seen that
and
Moreover,
It is easy to check that the equality 3 tr (T ) = n(T ) + 2 + 2n 1 (T ) holds.
Now we prove that if T is a tree of order at least 3 and 3 tr (T ) = n(T ) + 2 + 2n 1 (T ), then T belongs to the family R. To this aim we shall need the following results given in [6] . 
Hence, tr (T ) + 2 = tr (T u ) + tr (T v ). Combining Eqs. (7) and (8), we obtain that 3 tr (T u ) = n(T u ) + 2 + 2n 1 (T u ) and 3 tr (T v ) = n(T v ) + 2 + 2n 1 (T v ).
Thus, by induction hypothesis, T u and T v belong to the family R. Now, since D = S(T ) and u 1 , v 1 are support vertices in T , we obtain that u 1 and v 1 are strong support vertices in T u and T v , respectively. Therefore T = T u ⊕ u 1 v 1 T v and we conclude that T ∈ R.
As an immediate consequence of Lemmas 13 and 16 we have the following result.
Theorem 17. If T is a tree of order at least 3, then 3 tr (T ) = n(T ) + 2 + 2n 1 (T ) if and only if T belongs to the family R.
